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Abstract
Let g(k) be the smallest integer such that every planar point set in general position with at least
g(k) interior points has a convex subset with precisely k interior points. In this paper, we show that
g(3) = 8 if the point sets have no empty convex hexagons.
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1. Introduction
Throughout the paper, we consider only point sets P in the plane, which are assumed to
be in general position, i.e., no three points are collinear.A subset of P that are the vertices of
a convex polygon is called a convex subset of P. For a subset S ⊆ P such that ch(S)∩P =S,
we distinguish its vertices, denoted by V (S), which lie on the boundary of ch(S), from the
remaining interior points I (S), where ch stands for the convex hull. We say that a convex
subset V (S) contains an interior point p of P if p belongs to I (S), and a convex subset V (S)
is said to be empty if I (S)=∅. More generally, a convex region D contains an interior point
of P if it is contained in the interior of D, and D is empty if no interior point of P lies in its
interior.
In 1935, Erdo˝s and Szekeres [3] proved that for every t3, there is a number f (t) such
that every set P of at least f (t) points contains a subset of points whose convex hull contains
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precisely t vertices. The convex subset may contain additional interior points. Horton [5]
has shown that it is not possible in general to specify both the number of hull vertices and
number of interior points: there exist point sets with arbitrary size and no empty convex
subset with exactly t vertices for each t7. The problem whether there exist point sets
with arbitrary size and no empty convex hexagon is still open. Concerning this problem,
Overmars [7] found a set of 29 points with no empty convex hexagons.
In [2]we investigated the question ofwhenP has a convex subsetwhich contains precisely
k interior points of P. For any integer k1, let g(k) be the smallest integer such that every
set of points containing at least g(k) interior points has a convex subset containing exactly
k interior points. Then we showed that g(1) = 1, g(2) = 4, g(3)8 and g(k)k + 2 for
k4, and that every point set with at least 3 interior points contains a convex subset with
3 or 4 interior points. That is, we were unable to determine if g(k) is ﬁnite for k3. In [1]
we improved the lower bound on g(k) by exhibiting point sets with (3k + 1)/2 interior
points and no convex subset containing k or k + 1 interior points for k6, implying that
g(k)(3k+3)/2. In addition, let g(k) be the corresponding number to g(k) if the point
sets are restricted to those whose convex hull is a triangle. Then it was showed that if g(k)
is ﬁnite, g(k) is also ﬁnite for every k in [6].
We would regard point sets with no empty convex hexagons as rather dense. Since k = 3
is the smallest value where no upper bound is known for g(k), in this paper we consider
the existence of a convex subset containing exactly 3 interior points, i.e., a triangle under
the condition that the point sets have no empty convex hexagons and present the following
main result:
Theorem 1. Every planar point set in general position with at least 8 interior points and
no empty convex hexagons, contains a convex subset with precisely 3 interior points.
Let g6¯(3) denote the corresponding number to g(3) if the point sets contain no empty
convex hexagons. Fig. A is a 10 point set referred to in [2] to show g(3)8, and this
example also contains no empty convex hexagon. Therefore, combining Theorem 1 with
Fig. A, yields g6¯(3) = 8. Concerning the lower bound of g(3) by virtue of Theorem 1,
Fevens [4] recently presented the conﬁguration Fig. B with empty convex hexagons and
8 interior points, which does not contain a convex subset with exactly 3 interior points,
namely, g(3)9 follows.
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We ﬁnally provide the basic deﬁnitions through the proofs. Let P be a given planar point
set in general position. For any three pointsp, q and r in general position, not necessarily the
elements of P, denote the convex cone by C(p; q, r) or C(p; r, q) such that p is the center
and q and r are on the boundary. For a C(p; q, r) we often use the other cone C(p; q ′, r)
or C(p; q ′, r ′) such that for a = q or r , a′ is a point both on the line pa and in the opposite
side of a with p. If C(p; q, r) is not empty, we deﬁne the attack point (p; q, r) from
the halﬂine pq to pr as its interior point such that C(p; q, (p; q, r)) is empty. We show
p2 = (v2; v3, p1) in Fig. A.
We introduce an essential notation used in Section 4 and referred to in [2]. Let P be
with |V (P )| = 3. An interior point of P is called a (x, y, z)-splitter of the triangle ch(P )
if it partitions ch(P ) into three triangles with xyz interior points, respectively. Each
partitioned triangle is said to be x-, y- or z-splittered, respectively. In Fig.A, p1 is a (4, 1, 1)-
splitter where p1v2v3 is 4-splittered.
2. Assumption and lemma
In this section, we ﬁrst propose a natural assumption.
Let P be a planar point set in general position such that |V (P )|7 and |I (P )| = 2. Then
the line passing through I (P ) divides the plane into two closed half-planes, at least one of
which contains an empty convex hexagon since |V (P )|7. Therefore, the next assumption
follows.
Assumption. A given planar point set in general position does not contain a convex subset
S with |S|7 which contains precisely 2 interior points.
We present the following useful lemma to the proofs. It depends on the property that a
given point set contains no empty convex hexagons.
Lemma. Let P be a planar point set in general position with |V (P )|4 and |I (P )|3
and without empty convex hexagons. If V (P ) has a diagonal, say {u, v} by which P is
partitioned into two subsets P1 and P2 with P1 ∩ P2 = {u, v} such that neither V (P1) nor
V (P2) is empty, then P has a convex subset with exactly 3 interior points.
Proof. We ﬁrst suppose that V (P1) contains exactly one interior point, say p, and prove
this proposition (∗) by induction on |I (P2)|. Suppose that |I (P2)|4 since, if |I (P2)| = 2
or 3, V (P ) or V (P2) contains exactly 3 interior points, respectively. Let Q=I (P2)∪{u, v}.
Then if |I (Q)|2, we can apply the induction hypothesis toP1∪Q since |I (Q)|< |I (P2)|.
If |I (Q)| = 0, Q would be an empty convex k-gon for k6. If |I (Q)| = 1 and |I (P2)|5,
then |V (P1 ∪ Q)|7 and V (P1 ∪ Q) contains precisely 2 interior points. This case does
not occur by Assumption.
Suppose that |I (Q)| = 1 and |I (P2)| = 4. Let V (Q) = {u, v, r1, r2, r3} with the order
anti-clockwise and I (Q)={q} as shown in Fig. 1, and consider the elementw of V (P2)\{u}
neighbor to v on the boundary of ch(P2). Since w is not in the convex cone C(v; r1, u), we
have the next cases by the position of w.
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Fig. 1. A point set Q in P2 with |V (Q)| = 5 and |I (Q)| = 1.
Ifw were inC(r1; v, r ′2),V (P1∪Q)∪{w} would be a convex k-gon for k7 with exactly
2 interior points. If w is in C(r2; r1, r ′3), V (P1) ∪ {w, r2, r3} contains exactly 3 interior
points, and if w is in C(r3; r2, u′), the convex quadrilateral uvwr3 contains precisely 3
interior points. For otherwise, since {w, r3, p, v} or {w, u, p, r1} is a convex quadrilateral,
respectively if p is in C(w; r3, v) or C(w; r1, u), we assume that the quadrilateral wr3pv is
convex without loss of generality. See also Fig. 1. Then if q is in C(p; r3, v), wr3pv itself
contains exactly 3 interior points. If not so, I (P )∪{v} would be an empty convex hexagon.
By the proposition (∗), we can assume that both V (P1) and V (P2) contain at least
2 interior points. Then there exists an element p1 of I (P1) such that C(u; v, p1) contains
exactly one interior point, sayp2. Since, ifup1v containsp2,we can immediately apply the
proposition (∗) to P2 ∪{p1, p2}, we suppose that up1p2v is an empty convex quadrilateral.
By symmetry, we also assume the existence of two elements, say q1 and q2 of I (P2) such
that uvq2q1 is an empty convex quadrilateral, implying that {u, p1, p2, v, q2, q1} would be
an empty convex hexagon. 
3. Proof of Theorem 1
To prove Theorem 1 we need the following theorem.
Theorem 2. Every planar point set in general position with 3 vertices and 8 interior points
and without empty convex hexagons, contains a convex subset with precisely 3 interior
points.
The proof of Theorem 2 constitutes the subject of Section 4. We are now ready to prove
Theorem 1.
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Fig. 2. Q = I (v1pv3) ∪ {v1, p}.
Theorem 1. Every planar point set in general position with at least 8 interior points and
no empty convex hexagons, contains a convex subset with precisely 3 interior points.
Proof. By Lemma, we have only to consider any point set P with |V (P )| = 3. The proof is
by induction on |I (P )|. Since we are done for |I (P )| = 8 by Theorem 2, we suppose that
|I (P )|9. Let V (P )={v1, v2, v3} and consider the attack point p=(v2; v3, v1). Then let
s or t be the number of interior points in v1v2p or v1pv3, respectively. We can assume
that s, t7 by the induction hypothesis since s, t < |I (P )|, and it also implies that s1 and
t1 since s+t8. If s=3 or t=3, we are immediately done. LetQ=I (v1pv3)∪{v1, p}.
See Fig. 2.
(1) s = 1, 2: Suppose that |I (P \{v3})|2 since, otherwise, we can apply Lemma to
P \{v3} since neither v1v2p nor V (Q) is empty. If V (Q) were empty, Q would be also a
convex (t + 2)-gon for t = 6, 7. And if s = 1 and |I (Q)| = 1, V (P \{v3}) is a convex 9-gon
with precisely 2 interior points, which contradicts the Assumption.
(2) s4: We have three cases.
(i) t4: if V (Q) were empty, Q itself would be an empty convex (t + 2)-gon. If not so,
we apply Lemma to P \{v3} with at least 3 interior points.
For t = 1 or 2, we can assume that C(v3;p, v2) is not empty since, if it is empty, we
return to the case (1) by symmetry. Let q = (v3; v2, p) (cf. Fig. 3).
(ii) t = 2: suppose that V (Q) is empty by applying Lemma to P \{v3} and denote V (Q)=
{v1, p, p1, p2} with the order anti-clockwise. We also assume that either v1v2p2
or the convex quadrilateral p2v2pp1 is empty by applying Lemma to P \{v3} again.
Since p2v2v3 contains at least 8 interior points if v1v2p2 is empty, the quadrilateral
p2v2pp1 is empty where q is in v1v2p2 as shown in Fig. 3.
Denote the subset of P in the region C(v3; q, p2)\p2v2v3 by S, where S is in the
closed region by thick lines in Fig. 3. We suppose that V (S ∪ {v2, p2}) is empty by
applying Lemma to S ∪ {v2, v3, p, p1, p2}. Then if |S|2, an empty convex polygon
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Fig. 3. {p2, v2, p, p1} is empty and convex.
Fig. 4. {p1, q1, v2, v3} contains only p and q.
S ∪{v2, p, p1, p2} with at least 6 vertices would appear. If S ={q}, (v3;p2, v1)qv3
contains exactly 3 interior points.
(iii) t = 1: note that |I (P )| = 9. By symmetry, we suppose that v1v2q also contains
precisely one interior point. Let p1 or q1 be the interior point in v1pv3 or v1v2q,
respectively. Then if p1 is in C(v2; q, v1), we can assume that v1v2p1 is empty
by applying Lemma to P \{v3} since p1v2p is not empty, and we are done since
p1v2v3 contains precisely 8 interior points. Suppose that p1 is in C(v2; q, p) and q1
is in C(v3;p, q) by symmetry. Since neither q1v2p1 nor p1v2v3 is empty, we can
apply Lemma if the convex quadrilateral p1q1v2v3 contains at least 3 interior points.
Suppose that {p1, q1, v2, v3} contains only p and q as shown in Fig. 4.
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IfC(v2; q1, p1)∩C(v3;p1, q1) contains at least 2 interior points, then as in the last part in
the proof of Lemma, there exist 2 interior points, say r1 and r2 in this region such that either
the convex pentagon r1q1v2v3p1 contains exactly 3 interior points or {q1, q, p, p1, r1, r2}
would be an empty convex hexagon. Thus, suppose that C(v2; q1, v1)∪C(v3;p1, v1) con-
tains 4 or 5 interior points, which are in the regionR in Fig. 4. IfC(v2; q1, p1)∩C(v3;p1, v1)
contains an interior point, say s1, we apply Lemma to the convex quadrilateral s1q1v2v3 with
at least 3 interior points since neither s1q1v3 nor q1v2v3 is empty. Since C(v3;p1, q1)∩
C(v2; q1, v1) is also empty by symmetry, we assume that C(v2; q1, v1) ∩ C(v3;p1, v1)
contains 4 or 5 interior points. Consider t1 = (v2; q1, v1). Then t1 is in C(v3;p1, v1) and
v1v2t1 or v1t1v3 contains at least 2 interior points. If v1v2t1contains at least 2 interior
points without loss of generality, we can apply Lemma to {v1, v2, q, t1} and its interior
points since t1v2q is not empty. 
4. Proof of Theorem 2
We now show the proof of Theorem 2 where the idea of splitter operates effectively. From
now on, when we apply Lemma to a subset S of a given point set P, we will often say to
apply Lemma to V (S) for simplicity since ch(S) ∩ P = S.
Theorem 2. Every planar point set in general position with 3 vertices and 8 interior points
and without empty convex hexagons, contains a convex subset with precisely 3 interior
points.
Proof. LetP be any given point set and denoteV (P )={v1, v2, v3} and I (P )={p1, p2, . . . ,
p8}. First of all, since we are immediately done if P has a 3-splittered triangle, we suppose
that every interior point inP is a (4, 2, 1)-, (5, 2, 0)-, (5, 1, 1)-, (6, 1, 0)- or (7, 0, 0)-splitter.
We, hereafter, verify the existence of a convex subset with exactly 3 interior points in each
subsection.
4.1. There exists a (4, 2, 1)-splitter, say p1 in P
Let v1v2p1 and v1p1v3 be 2- and 1-splittered, respectively. Consider the attack point
(v2;p1, v3), say p2. We now have two cases (I) and (II) since, if p2 is in v1p1v3, then
v1v2p2 contains exactly 3 interior points.
(I) p2 is in C(p1; v′1, v3). Confer with Fig. 5.
Let p3 be the only interior point in v1p1v3. We suppose that p3 is in v1p1p2 since,
otherwise, v1v2p2 contains exactly 3 interior points and that p1p2v3 also contains one
interior point, say p4 since, if it contains 3, 2 or 0 interior points, then p1p2v3, the convex
quadrilateral v1p1p2v3 or p2v2v3 contains precisely 3 interior points, respectively. Then
if C(p2; v′3, p1) contains an interior point, say p, we can apply Lemma to the convex
quadrilateral v1pp2v3 with at least 3 interior points since neither v1pp2 nor v1p2v3 is
empty. Suppose that both C(p2; v′3, p1) and C(p1;p2, v′1) are empty by symmetry and we
now obtain the symmetric conﬁguration Fig. 5.
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Fig. 5. The symmetric conﬁguration.
Fig. 6. Positions of p5 and p7.
If p3v2p1 contains 2 interior points, p3v2p2 contains exactly 3 interior points, and
if p3v2p1 contains one interior point and p2v2p4 is empty, we obtain p3v2p4 with
exactly 3 interior points. Thus there remain two cases (A),(B) by symmetry. Let p5 and p6
be in v1v2p1.
(A) Both p3v2p1 and p2v2p4 contain one interior point each, say p5 and p7.
We suppose that p6 is in C(p1;p′2, v1) since, if p6 is in C(p2; v′3, v2), v1p6p2 or the
convex quadrilateral p6v2v3p2 contains precisely 3 interior points, respectively, whether
p5 is in v1p6p2 or not. By symmetry, p8 is in C(p2;p′1, v3).
Suppose that p5 is in C(p2; v′3, v2) and p7 is in C(p1; v′1, v2) as shown in Fig. 6 by
symmetry since, if p5 is in C(p1;p′2, v1), p5v2p4 contains exactly 3 interior points.
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Fig. 7. Triangular domain with p4.
Since we apply Lemma to the convex quadrilateral p1p5v2v3 with at least 3 interior points
if neither p1p5v3 nor p5v2v3 is empty, we can assume that p5v2v3 is empty. See also
Fig. 6 where v1v2p7 contains p5. Thus since neither v1v2p7 nor v1p7p2 is empty, we
again apply Lemma to the convex quadrilateral v1v2p7p2 with at least 3 interior points.
(B) Both p3v2p1 and p2v2p4 are empty.
If v1v2p3 ∩ C(p2; v′3, v2) contains an interior point, say p, by applying Lemma to the
convex quadrilateral p3pv2v3 we can assume that both pv2p3 and pv2v3 are empty.
Suppose that v1pp3 is also empty since, otherwise, v1pp2 contains exactly 3 interior
points. Then v1pp4 or p4pv3 contains exactly 3 interior points, respectively if p4 is in
C(p;p2, v3) or not. See Fig. 7 where v1pp4 is obtained.
Thus, we suppose that p5 and p6 are in C(p1;p′2, v1) and that p7 and p8 are in C(p2;
p′1, v3) by symmetry. If {v1, p1, p5, p6} constructs a triangle with one interior point as
shown in Fig. 8, P \{v2, p7, p8} is a convex pentagon with exactly 3 interior points. If not
so, P \{v2} is a convex octagon with precisely 2 interior points by symmetry, contradicting
the Assumption.
(II) p2 is in C(p1; v′1, v2).
We suppose that bothR1=C(p1;p′2, v′2) andR2=C(p1;p2, v′1)\C(v2;p1, p2) are empty
as shown in Fig. 9. In fact, if R1 contains an interior point, say p, the convex quadrilateral
v1v2p2p contains precisely 3 interior points. If R2 contains an interior point q, we apply
Lemma to the convex quadrilateral v1v2qp1 with at least 3 interior points since neither
v1v2p1 nor p1v2q is empty.
Suppose that p1p2v3 is not empty since, otherwise, we are done by p2v2v3 and
consider the attack point p3 = (p2; v′2, v3). Then we suppose that p3 is in p1p2v3 since,
otherwise, we obtain the convex quadrilateral p2v2v3p3 with exactly 3 interior points.
And we moreover assume that R3 = C(v3;p2, p3) ∩ C(p1; v1, v2) is empty since, if it
contains an interior point r, we apply Lemma to the convex quadrilateral p1rv2v3 where
neither p1rv3 nor rv2v3 is empty. See also Fig. 9. Let p4 be the only interior point in
v1p1v3.
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Fig. 8. The pentagon with 3 interior points.
Fig. 9. The shaded regions are empty.
(A)p4 is inC(p3;p′2, v3). Then ifv1p2p1 contains 2 interior points,v1p2p3 contains
exactly 3 interior points.
(1) v1p2p1 is empty.
Suppose that p1p2p4 contains only p3 since p1p2p4 or v1p2p4 contains exactly 3
interior points, respectively if it contains 3 or 2 interior points. Thus we also suppose that
p4p2v3 contains one interior point since, if it contains 0 or 2 interior points, we are done
by v1p2v3 or p1p2v3, respectively. See Fig. 10.
Let p5 be the only interior point in p2v2v3. If p5 is in C(p2; v2, p′1), p1p5v3 con-
tains exactly 3 interior points, and if p5 is in p4v2v3, we apply Lemma to the convex
quadrilateral p4p1v2v3 since neither p4p1v2 nor p4v2v3 is empty. And if p5 is in
K. Hosono / Discrete Mathematics 305 (2005) 201–218 211
Fig. 10. Two triangles with 1 interior point.
Fig. 11. p6 is in p4p2p1 ∩ C(v3;p3, p1).
p2v2p4 ∩ C(p1; v′1, v3), we also apply Lemma to the convex quadrilateral v1p2p5v3
since neither v1p2p5 nor v1p5v3 is empty.
(2) v1p2p1 contains one interior point.
We proceed by the same argument as (1). We can ﬁrst assume that p1p2p4 contains
exactly 2 interior points and that p4p2v3 is empty. Again, for the only interior point p5
in p2v2v3, we suppose that p5 is in C(p1; v′1, v3). Then if p5 is in p4v2v3, p1v2p4
contains exactly 3 interior points, and if not so, we apply Lemma to the convex quadrilateral
v1p2p5v3.
(B) p4 is in C(p1;p′2, v1). We can assume that p1p2v3 contains 2 or 1 interior point.
(1) p1p2v3 contains 2 interior points, say p3 and p5.
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Fig. 12. p2 is also a (4, 2, 1)-splitter.
Consider the attack point  = (p2;p1, v1). If  is in C(v3;p1, v1), p2v3 contains
exactly 3 interior points. Suppose that  is in C(v3;p3, p1) since R3 is empty and let =p6
as shown in Fig. 11 where p4 is in C(p2;p6, v1). Then we suppose that p4p2p1 contains
only p6 since we are done by p4p2p3 if it contains 2 interior points. We can assume that
p5 is in C(p4;p3, p1) since, otherwise, we are done by p4p2p5, and apply Lemma to the
convex quadrilateral v1p6p5v3 since neither p6p5v3 nor v1p6v3 is empty.
(2) p1p2v3 contains only p3. Consider the number of interior points in v1p2p1.
(a) If v1p2p1 is empty, we are immediately done by v1p2v3.
(b) v1p2p1 contains exactly one interior point.
If v1p1p3 contains p4, v1p2p3 contains exactly 3 interior points. The case that
v1p1p3 is empty can be resolved into above (1) since p2 is also a (4, 2, 1)-splitter,
C(v3;p2, p3) is empty and v1p2p3 contains exactly 2 interior points as shown in Fig. 12.
(c) v1p2p1 contains 2 interior points.
Suppose that p4 is in v1p1p3 since, otherwise, v1p2p3 contains exactly 3 interior
points (cf. Fig. 13). Let p5 and p6 be in p2v2v3 where R2 is empty.
(i) C(p2;p′1, v2) contains p5 and p6.
If {v2, p1, p2, p5, p6} constructs a convex quadrilateral, say p1v2p5p2 with p6 as shown
in Fig. 13, the convex pentagon v1v2p5p2p1 contains exactly 3 interior points. If not so,
P \{v3, p3} would be a convex heptagon with exactly 2 interior points.
(ii) C(p2;p′1, v2) contains exactly one interior point, say p5.
Suppose that p6 is in C(v3;p5, v2) since, otherwise, p1p5v3 contains exactly 3 interior
points (cf. Fig. 14). Then if p6 is in C(p3;p′1, v3), we are done by p1v2p6. If p6 is in
C(p1;p3, v′1), recall that R1 and R3 are empty and consider = (p5;p1, v1). We suppose
that  is in C(v3;p1, p3) since, if  is in C(v3;p1, v1), we are done by p5v3. Let =p7
then as shown in Fig. 14. We can apply Lemma to the convex quadrilateral v1p7p6v3 since
neither p7p6v3 nor v1p7v3 is empty.
(iii) C(p2;p′1, v2) is empty.
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Fig. 13. The pentagon with 3 interior points.
Fig. 14. p7 is in C(v3;p1, p3).
By applying Lemma to P \{v2}, we can assume that neither p5 nor p6 is in C(v1;p1, p3)
and {p2, p5, p6, v3} constructs an empty convex quadrilateral as shown in Fig. 15. We
suppose that p4p2p1 is empty since, if it contains 2 or 1 interior point, we are done by
p4p2p3 or p4p2v3, respectively. Then if we considerp7=(p2;p4, v1), we can assume
that p7 is in C(v3;p3, p4) since, otherwise, p7p2v3 contains exactly 3 interior points.
See also Fig. 15.
For the case that p8 is also in C(v3;p3, p4), if {p2, p4, p7, p8} is a triangle with one
interior point or an empty convex quadrilateral,we obtain the convex quadrilateralp4p8p2v3
with exactly 3 interior points or P \{v1, v2} would be a convex heptagon with exactly 2
interior points, respectively. For otherwise, if p8 is in C(p3; v1, p4) or not, p8p2p3 or the
convex quadrilateral p4p8v2p3 is obtained, respectively.
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Fig. 15. p7 is in C(v3;p3, p4).
Fig. 16. v1v2p3 contains 4 interior points.
4.2. There exists a (5, 2, 0)-splitter p1 in P
Let v1v2p1 and v1p1v3 be 2- and 0-splittered, respectively, and consider the at-
tack point p2 = (v2;p1, v3). We can assume that p2 is in C(p1; v′1, v2) since, otherwise,v1v2p2 contains precisely 3 interior points. Then we suppose that C(p1;p2, v′1) is empty
since, if the region contains an interior point, say p, we apply Lemma to the convex quadri-
lateral v1v2pp1 with at least 3 interior points where neither v1v2p1 nor v2pp1 is empty
(cf. Fig. 16).
If p2v2v3 is 3- or 4-splittered, we are immediately done by (4.1), and if p2v2v3 is
1-splittered, p1p2v3 contains exactly 3 interior points. If p2v2v3 is empty, we are also
done by (4.1) since v1v2p3 is 4-splittered for p3 = (v1;p1, v3) as shown in Fig. 16.
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Fig. 17. p4v2v3 is 0-,1- or 2-splittered.
Suppose that p2v2v3 is 2-splittered, i.e., p2 is also a (5, 2, 0)-splitter since, otherwise, we
are done by v1p2v3 or p2 is a (4, 2, 1)-splitter. Then since v1p2p1 contains 2 interior
points, we obtain v1p2(p2; v′2, v3) with exactly 3 interior points.
4.3. There exists a (5, 1, 1)-splitter p1 in P
If we ﬁnd a 2-,3- or 4-splittered triangle, we are immediately done by (4.1) and (4.2).
Let p1v2v3 be 5-splittered and consider p2 = (v2;p1, v3). Then suppose that p2 is in
C(p1; v′1, v2) since, otherwise, v1v2p2 is 2- or 3-splittered. We also assume that p3 =
(v3;p1, v2) is in C(p1; v′1, v3) by symmetry (cf. Fig. 17). Then if p2v2v3 is 2- or 3-
splittered, we are done, and if p2v2v3 is 1-splittered, p1p2v3 contains exactly 3 interior
points. Thus suppose that both p2v2v3 and p3v2v3 are empty by symmetry again. Let
p4 be another interior point in p1v2v3 and suppose that p4 is in C(p1; v′1, p2) without
loss of generality as shown in Fig. 17. Then if p4v2v3 is 2-splittered, we are immediately
done.
(A) p4v2v3 is empty.
Suppose that v1v2p4 contains only p2 since we are done if it is 2-,3- or 4-splittered.
Then if v1p4p1 contains 2 or 3 interior points, the convex quadrilateral v1v2p4p1 or
v1p4p1 contains exactly 3 interior points, respectively. If v1p4p1 contains one interior
point, we obtain p1p4v3 with precisely 3 interior points.
(B) p4v2v3 contains one interior point, say p5.
Suppose that p1v2p4 contains only p2 as shown in Fig. 18 since, if it contains 2 interior
points, the convex quadrilateral v1v2p4p1 contains exactly 3 interior points. Then if p5 is
in C(p4;p′1, v2), p1p5v3 contains exactly 3 interior points, and if p5 is in C(p1;p4, v′1),
we apply Lemma to the convex quadrilateral v1v2p5p1 with at least 3 interior points since
neither v1v2p1 nor p1v2p5 is empty. If p5 is in C(p1; v′1, p3), we also apply Lemma to
the convex quadrilateral v1p4p5v3 where neither v1p4p5 nor v1p5v3 is empty.
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Fig. 18. The shaded portion is empty.
Fig. 19. Each splittered triangle by p3 is not empty.
4.4. There exists a (6, 1, 0)-splitter p1 in P
If we ﬁnd a 2-,3-,4- or 5-splittered triangle, we are done by (4.1–4.3). Let v1v2p1 and
v1p1v3 be 1- and 0-splittered, respectively, and consider p2 = (v2;p1, v3). Suppose
that p2 is in C(p1; v′1, v2) since, otherwise, v1v2p2 is 2-splittered, and consider p3 =
(v2;p2, v3) and p4 =(v2;p3, v3).We can now assume that p2v2v3 is 1- or 0-splittered.
(A) p2v2v3 contains one interior point.
If p3 is in C(p1; v′1, v3), v1v2p3 contains exactly 3 interior points. If p3 is in
C(p2; v′2, v3) ∩ C(p1; v′1, p2) as shown in Fig. 19, p3v2v3 contains the only interior
point in p2v2v3. Thus since each splittered triangle by p3 is not 0-splittered, we are done
by (4.1) and (4.3). If p2v2v3 contains only p3, v1v2p4 is 2-,3- or 4-splittered.
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Fig. 20. v1v2p4 is 2-,3- or 4-splittered.
Fig. 21. p is not a (7, 0, 0)-splitter.
(B) p2v2v3 is empty.
Suppose that p3 is in C(p1; v′1, p2) by the same way as (A) and that p3v2v3 is 1- or
0-splittered. Then if p3v2v3 is 1-splittered, p1p3v3 contains exactly 3 interior points. If
p3v2v3 is empty, v1v2p4 is 2-,3- or 4-splittered. See Fig. 20.
4.5. There exists a (7, 0, 0)-splitter p1 in P
Let p1v2v3 be 7-splittered and p2 = (v2;p1, v3). Suppose that p2 is in C(p1; v′1, v2)
since, otherwise, v1v2p2 is 1-splittered and we are done by (4.1–4.4). We also assume
that p3 = (v3;p1, v2) is in C(p1; v′1, v3) by symmetry. Then if p2v2v3 is not empty,
we are also done by (4.1–4.4) since we have two non-empty triangles splittered by p2.
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Thus, suppose that both p2v2v3 and p3v2v3 are empty by symmetry again. Let p be any
remaining interior point of P as shown in Fig. 21. Then since none of at least 2 triangles
splittered by p are 0-splittered, we resolve into the previous subsections.
Since we checked out all the cases of splitters, the theorem completes. 
Remark. We ﬁnally conjecture that g(3) is ﬁnite, that is, a point set with empty convex
hexagons also contains a convex subset with exactly 3 interior points if it has a sufﬁciently
many number of interior points.
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